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Resonance  lluorcsccnct  in  a  weak  raoi.itiim  field  with  arbitrary  spectral  distribution 


M  O.  Kayttte 
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The  aulhots  show  lint  (lie  l.i'-cr  bandwidth  etl'cv 
Irtalrd  mo\t  readily  in  Urine  of  simple  comnlnl  ,  ;i. 
incident  ficlJ  »uh  .in  athilrury  S[ vclral  distnKitic  >. 
collisions 

I  INTROIUX'IION 

In  a  recent  paper  by  Knight,  Molanrler,  and 
Stroud*  (KMS)  an  interesting  pedagogical  discus¬ 
sion  was  piven  o(  the  effects  of  laser  bandwidth  on 
atomic  resonance  fluorescence  spectra  at  low  in¬ 
tensities.  Assuming  a  Lorenlzinu-shapcd  laser 
spectrum  (phase-diffusion  model'''1)  they  showed 
that  the  finite  bandwidth  gives  rise  to  an  asymme¬ 
try  in  the  scattered  spectrum  when  the  incident 
field  is  detuned  from  the  atomic  resonance.  They 
offered  a  physical  explanation  for  the  asymmetry, 
first  found  by  Kimble  and  Mandel,1  in  terms  of  a 
continuing  reinitiation  of  the  transient  response  of 
the  atom  owing  to  the  fluctuations  in  the  laser  field. 
While  this  explanation  is  most  certainly  correct, 
one  point  remained  unclear,  that  concerning  the 
role  of  the  convolution  .n  this  problem,  which  is  a 
particular  case  of  linear  response  theory. 

The  purpose  of  this  comment  is  twofold:  to  show 
lhat  the  laser  bandwidth  effects  in  resonance  fluo¬ 
rescence  at  low  intensities  can  be  treated  most 
readily  in  terms  of  a  simple  convolution  and  to 
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show  further  that  this  approach  allows  one  to  con¬ 
sider  an  incident  field  with  an  arbitrary  spectral 
distribution,  with  or  without  the  presence  of  atom¬ 
ic  (line-broadening)  collisions. 

II  EFFI  CT  OF  LASER  LINL  SHAPE 

For  ease  of  comparison  we  will  follow  KMS  and 
use,  where  possible,  their  notation.  We  start  with 
the  low-intensity  operator  Dloch  equation  for  the 
positive-frequency  dipole  operator  <?., 


<M/) . 


('"o  -  r*)o4t)  -  (id/h)E '(() , 


(1) 


where  u>„  is  the  atomic  resonance  frequency,  y„  is 
one-half  the  natural  decay  width,  d  is  the  transi¬ 
tion  dipole  moment,  and  /•'“(/ )  is  the  negative-fre¬ 
quency  electric  field  operator  for  the  driving  field, 
which  oscillates  with  frequency  *>L,  The  scattered 
speetrum  a»(w,u)4)  is  given  in  steady  state  by  the 
Fourier  transform  of  the  dipole  autocorrelation 
function  \v7.(/)o-(f  +  r)>,  which  is  obtained  by  for¬ 
mally  solving  Kq.  (1).  This  yields 


drcxpfiwT)— J-  £  dt'  j*  dt"  expt(twt0  -)»)(( -f')]exp[(- »w0  -  yH)(t  +  T  —I  )Kt’  ( t  )•■  (I  )}  ,  (2) 


where  w  is  the  frequency  of  the  scattered  light. 

The  angular  brackets  i  }  indicate  both  a  quantum 
expectation  value  and  an  ensemble  average  over  the 
statistics  of  the  driving  field. 

For  a  monochromatic  laser  the  field-correlation 
_ _ _ I 

A', «(!*», wt) 

rti\F  ’*  r*  f**r 

-  J-  dj  cxp(iw)T) — —  J  dt'  J  d/'exp((/wa 


function  is 

lE’W )£•(/*)>  =  |  E0|*cxplf-i t(/'  -/')) ,  0) 

giving  for  the  narrow-band  spectrum 't  *e(.n>,uL) 


■  y,)(/  -<')]expt(-  iut0  -  yM)(l  *  r  -f“)]e.\pl»w;  (/'  -/")]. 


(4) 


This  result  can  be  evaluated  to  give 


which  shows  that  onlv  elastic  scattering  occurs 
for  an  isolated  atom  suffering  no  collisions. 


(5> 


I - 

KMS  treat  the  broad-band  laser  by  assuming  the 
phase-diffusion  modelI,J  for  the  field 

d ■(/')£•(/•» 

*=  I  E„|*  expl/ut^/'  -  f")|exp(-  > L  |/'  - 1"  \ ) ,  (G) 
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U'IhTC  );  Is  OllC-llllf  till'  I.IMT  lullllNVUllh.  Using 
this  iii  Kq.  (2)  leads  direcllv  In  Ihc  main  result  of 
KMS  : 
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cl,  useil  liy  KMS  hi  I  described  m  Kq.  < f > ) ,  the  la¬ 
st  r  spectrum  becomes  |  by  insrrtinr,  Kq.  (•>)  inlo 
Kq.  («)J 


r,Ui)  - 1/:, 


>■»  /» 


(W  * )  i. 
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a  Lorcntzian,  as  stated  earlier.  This  then  gives, 
from  Kq.  (11),  the  scattered  spectrum  as 

it  fl1  Vt/» 

^  •  w*>  "  2  i(i  -  LiP J  l(-  -  uij  ^7  *  (,3) 


where  the  detuning  is  A  -u',,  -  and  tlie  Itabi  fre¬ 
quency  is  it  r2./l£pl/i.  This  spectrum  clearly 
shows  two  maxima:  elastic  scatter  mi;  centered  at 
\a>,  and  fluorescence  centered  at  However,  it 
also  seems  to  contain  interesting  interference 
structure,  e.g.,  (*>  -  u»t)  in  the  numerator.  It  is 
stated  by  KMS  that  "the  spectrum  |  i,’(w,w;  )J  is  unl 
the  narrow-band  response  convolved  with  the  spec¬ 
tral  line  shape  of  the  incident  field”  (Lorcntzian  in 
this  case).  Thts  statement  is  certainly  correct  tor 
intense,  saturating  incident  fields.  However,  we 
will  show  here  that  /,*(*.’. u>t )  in  Kq.  (7),  valid  for 
low  fields,  is  obtainable  by  a  simple  convolution. 
This  is  as  expected  in  linear  response  theory. 

We  will  solve  the  problem  in  a  different,  more 
reveal  ini;,  way.  The  power  spectrum  /’t(ui  j  )  of 
the  incident  field  is  generally  given  byc 

hf  rfTcxp(i<T)Cr(/)K*H+T)>,  (8) 

and  the  inverse  can  be  written  as 

ertnrir))  =  exp[»ud  {r-r)]i‘L{»>i).  o) 

Inserting  this  form  for  the  correlation  function 
into  Kq.  (2)  for  the  spectrum f(<e,u>t),  and  com¬ 
paring  the  resulting  equation  with  the  narrow-band 
spectrum  A\n(«e,u>t)  in  Kq.  (1),  it  becomes  appar¬ 
ent  that  the  spectrum  A'(u\u>t)  can  be  written  as 

ao) 

This  is  the  main  result  of  this  paper  and  shows 
that,  for  an  arbitrary  laser  spectrum  !’,(«>,'),  the 
scattered  spectrum  A*(ie,uJt),  at  low  intensity,  is 
given  by  the  narrow-lund  scattered  spectrum 
jrWg((i>, w{)  convolved  with  the  laser  spectrum.  Us¬ 
ing  the  6-function  form  of  v,  «(*»>,  «>t)  from  Kq.  (5) 
in  Kq.  (10)  results  in 


n* 


«*..».>-l«.l-;pr„j,  ■l-.tw). 
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which  shows  that  the  scattered  light  retains  a  dis¬ 
tort*  <1  version  of  the  incident  light  spectrum 

*\K>- 

For  the  special  case  of  the  phase-diffusion  mod- 


a  result  which  is  simple  in  form,  but  in  fact  (after 
seme  algebra)  is  identical  to  the  more  complex- 
looking  expression  given  by  KMS  in  Kq.  (7).  This 
shows  that  the  scattered  spectrum  is  the  product 
of  two  Lorentzians,  one  peaked  at  the  laser  fre¬ 
quency  u>t  and  the  other  at  the  atomic  resonance 
frequency  w„. 


III.  COMMKNTS 

We  have  shown  |Kq.  (1 0) ]  that,  for  low-intensity 
resonance  fluorescence  in  the  absence  of  colli¬ 
sions,  the  scattered  spectrum  is  given  by  that  de¬ 
rived  by  assuming  a  monochromatic  driving  laser 
convolved  with  the  spectrum  of  the  actual  driving 
laser.  This  result  holds  for  arbitrary  laser  lino 
shapes  and,  in  particular,  for  the  Lorcntzian  lino 
shape  derived  from  the  phase-diffusion  model2*1 
and  used  by  KMS.  The  convolution  is  no  longer 
valid  when  an  intense,  saturating  driving  laser  is 
considered,  as  the  response  of  the  atom  is  then 
nonlinear.4  The  conclusion  of  KMS,  that  the  in¬ 
elastic  component  of  the  scattered  light  (centered 
on  u>0)  is  due  to  the  continuing  reinitiation  of  the 
transient  response  of  the  atom  by  fluctuations  in 
the  driving  field,  is  strengthened  by  the  present 
result.  The  conclusion  holds  regardless  of  the 
form  of  the  power  spectrum  of  the  fluctuations. 

As  a  further  demonstration  of  the  generality  of 
the  convolution  result,  we  consider  the  effects  of 
atomic  line-broadening  collisions  on  the  scattered 
spectrum.  These  include  dephasing  (or  clastic) 
collisions  and  quenching  collisions,  as  well  as 
alignment-  and  orientation-changing  collisions. 

The  effect  of  collisions  has  been  studied  in  detail 
for  the  case  of  a  low-intensity  monochromatic 
driving  field.1"*  In  particular,  it  is  known  that  col¬ 
lisions  redistribute  the  frequency  of  the  scattered 
light  and  thus  Kq.  (5),  lor  the  scattered  spectrum, 
is  not  appropriate  in  this  case.  However,  denoting 
the  appropriate  narrow-band  scattered  spectrum10 
by  Cm(ut,uij),  the  scattered  spectrum  (>'(^,u*;)  for 
broad-hand  excitation  can  be  shown  still  to  be  a 
simple  convolution 

C(«,«t)  =  IE0|-*jr  rfwifi„(ui,w;)/*t(ui;)f  (14) 
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wlu  ri'  attain  !',(+'!)  the  (arbitrary)  spectrum  of 
thr  low-inti'iiMly  ilrivini*.  firhl.  This  result  ran  Ito 
vorifird  hy  inspi-rtim;  Kqs.  ( *1 )  ami  ( r»)  of  Ref.  7, 
which  t’.ivo  the  s  c.iUcml  spectrum  < v/,(^* ,**’/.)  as 
ail  integral  over  several  terms  inchulim;  the  factor 

/,(£  7 .  FHC , .  *»)oxi»l  -  tw  t  | , 

where  /,  is  the  intensity  of  the  incident  laser  with 
polarization  vector  c,  and  j7  is  the  atomic  dipole 
operator.  For  an  arbitrary  driving  field  spectrum 
this  factor  should  be  replaced  by 

«EJ (/,)  (/,).?)», 


where  /.,(/)  is  the  electric  field  of  the  laser,  and 
the  field  averar.e  has  been  performid.  This  field* 
correl.itfnii  function  is  analogous  to  the  one  ap- 
peariiic  in  the  integrand  in  Kq.  <:!)  for 
where  collisions  were  ignored.  Thus  the  deriva¬ 
tion  of  <.'(«■, u> ,)  in  Kq.  (I •!)  follows  identically  to 
that  of  in  Kq.  (10).  The  convolution  re¬ 

sult  Kq.  (1-1)  for  the  scattered  spectrum  <;( w.w,) 
holds  for  arbitrary  collisional  line  shapes,  both 
inside  and  outside  the  impact  region. 
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